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Following our recent finding that the renowned formula x x [E x B) is not the correct density 
for the electromagnetic angular momentum, fl'] here we examine the validity of the Poynting vector 
E X B as the electromagnetic momentum density (or energy flux). The competitor is the gauge- 
invariant canonical momentum E''VA\. It often gives the same result as E x B, but we propose 
that a delicate measurement (of the azimuthal energy flow in polarized atomic radiations) can make 
a discrimination. By clarifying the profound difference between two kinds of energy-momentum 
tensors: the canonical (or mechanical) one and the symmetric (or gravitational) one, we predict 
that it is i5*VAY that would pass the delicate experimental test. Our observations have far-reaching 
implications for understanding the source of gravity, and the nucleon momentum as well. 

PACS numbers: 11.15.-q, 12.20.-m, 32.30.-r, 42.25.Ja 
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For nearly 100 years, the Poynting vector E x B was 
taken as the momentum (or energy flux) density of the 
electromagnetic field. Its correctness has scarcely, if not 
never, been doubted. The firm conviction comes from 
both theory and experiment. TheoreticaUy, it is a stan- 
dard textbook exercise to derive E x B from energy or 
momentum conservation considerations or from the 
general definition of energy-momentum tensor in grav- 
itational theory [sf. Experimentally, E x B seems to 
give satisfactory descriptions for all phenomena of elec- 
tromagnetic momentum or energy fiow, even the angular 
distribution in multipole radiation. 

The hints for us to question the validity oi E x B are 
of 3-fold. Firstly, we have noted long ago that when the 
gauge field interacts with the Dirac field, / (PxE x i? is no 
longer its generator of spatial translation, thus does not 
qualify for a momentum definition.!^ Secondly, the an- 
gular momentum density built from the Poynting vector, 
X X {E X B), was recently shown by us to be incorrect. [l| 
The third hint comes from a special perspective of under- 
standing momentum from angular momentum: If P{x) is 
the momentum density, then 



d^x X X P{x) 



(1) 



is the standard form of orbital angular momentum. How- 
ever, we know that the integration 



J-y = d^x X X [E X B) 



(2) 



gives the total angular momentum for a free electromag- 
netic field, including both spin and orbital contributions. 



This implies that ExB is not a pure mechanical momen- 
tum. Instead, it includes the spin flow. Such character 
is already known from the Gordon decomposition of the 
electron current into a "convection" current plus a spin 
current: [5] 
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d^ii^a^-'i^). (3) 



In consequence the electron magnetic moment J d'^x x x 
j can be decomposed into an orbital part plus a spin 
part.[6l| The Poynting vector ExB can be decomposed 
in a similar manner. By writing = V x A±_ (here A±^ 
is the transverse part of A defined by V • Ax_ = 0), and 
using V • = for a free field, we have 



ExB = E'\/A\ + V'(E'Ai_). 



(4) 



Inserting this decomposition into Eq. ([2]) and integrating 
by parts, one gets the separate, gauge-invariant spin jind 
orbital angular momentum of electromagnetic field: [3] 



= I d^xE X A±^ 



d^x X X E'^A\ . 



(5) 
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Referring to the form of orbital angular momentum in 
Eq. ([1]), this suggests that it is the canonical expression 
E^SJ A\ that gives the pure mechanical momentum den- 
sity of electromagnetic field. Moreover, Eqs. ^ and ([5]) 
immediately suggest that ExB and E^V A\ can be dis- 
criminated by measuring the azimuthal momentum (or 
energy flow), which is responsible for the angular mo- 
mentum of the emitted photon in polarized radiations. 
As long as the photon spin contributes, then ExB and 
E''V A\ must not always have the same azimuthal com- 
ponents. In the following, we calculate this measurable 
effect explicitly. 
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As in our recent study of the angular momentum 
density, [l| here we again look at a pure multipole radia- 
tion of order {I, m), which provides the most convenient 
and well-defined electromagnetic configuration with rich 
spatial structure. To make the spin effect relatively sig- 
nificant, we consider the lowest {l,m) = (1,1), namely, 
the dipole radiation, which also has the strongest radia- 
tion intensity for easier measurement. The electric dipole 
radiation field is given by 



B 



j^h'i\kr)LYii, 



E = ikA±_ = -V X B. 
k 



(6) 



The magnetic dipole radiation field is obtained by the in- 
terchange E ^ B and B —E. Here L = x x iV. The 
wave amplitude is related to the emission probabil- 
ity, which in turn is determined by the transition matrix 
element of the electric (magnetic) dipole moment. 

Straightforward calculations give the time-averaged 
"energy" flow density: 
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Re[E* X B] ^ 
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-Re[E»VA\] = . . (1 + cos^ Q) 
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(7) 



(8) 



These formulae hold for both electric and magnetic dipole 
radiations. Irrelevant higher order terms have been omit- 
ted, and are the unit vectors in the radial and az- 
imuthal directions, respectively. We see that the radial 
flow given hy E x B and E'^VA\^ is exactly the same in 
the leading order, because at this order A± of a radiation 
field has no radial component, thus the second term in 
Eq. ^ drops out. (This partially explains how E x B 
survived a century.) On the other hand, the azimuthal 
flow given by i?*VA^ is half of that given hy E x B. 
(From our above analysis, the other half of E x B is & 
spin flow.) This is the effect we aimed at: Measurement 
of the azimuthal energy flow in polarized atomic radia- 
tion can unambiguously tell whether E x B or E'^\I A\ 
is the correct electromagnetic momentum density, or en- 
ergy flux. The intensity ratio of the azimuthal to radial 
energy flows is of the order (fcr)~^, which would be the 
major challenge to the measurement. 

It indeed sounds unbelievable that in the era when 
people seek physics beyond the Standard Model, there 
still exists misunderstanding of such most fundamental 
quantities as the electromagnetic energy and momentum. 
The essential ignorance in this regard during the past 
century is the profound difference between two kinds of 
energy-momentum tensors: the canonical or mechanical 



one (hereafter denoted as T'"^) and the symmetric or 
gravitational one (hereafter denoted as 0'^''). The Poynt- 
ing vector E x B is a. component of the latter, while 
E'^VA\_ is a component of the former. These two tensors 
are often regarded as being physically identical, for they 
just differ by total derivative terms, thus give the same 
conserved total energy and momentum. We must remind 
here that such identification is indeed rather unthought- 
ful, because, after all, the total derivative term does lead 
to change of the density, which would inevitably manifest 
somewhere. 

Gravitational theory provides a general definition of 
a symmetric 9'''' as the "functional derivative" of the 
matter action Im with respect to the metric tensor 5^;^: 3 



51. 



- I d^x^^g{x)Q^"'{x)5g^,,{x). 



(9) 



The canonical energy-momentum tensor T^'' is directly 
derived from the translational invariance of the La- 
grangian £ = / d^xJi'{<pi,d^4>i): 



(10) 



[It might be useful to add a remark (mainly for the stu- 
dent reader) that there exists a third method of deriving 
the energy-momentum tensor, by purely mechanical anal- 
ysis, as is done in textbooks on classical electrodynamics. 
This method, however, permits too much arbitrariness in 
defining a conserved quantity.] 

The distinction between T^'' and 8'*'' can be most 
clearly seen and clarified from the angular momentum 
constructed from them: 

= [ d^x{x'e°' - x^e°'), (11) 
= I d^x{x'T^^ -x^T°'). (12) 



J*-' is the conserved total angular momentum of the sys- 
tem. It agrees with the total canonical angular momen- 
tum derived from the rotational invariance of the La- 
grangian. In comparison, L*-' is merely the orbital angu- 
lar momentum, and is not separately conserved. Follow- 
ing our perspective of "understanding momentum from 
angular momentum" , we conclude that the mechanical 
momentum density should be T°*, not The latter 

must include a spin current so as to produce the total 
angular momentum by an apparent orbital expression in 
Eq. (|lip . On the other hand, the non-symmetric T^" 
does not fit into Einstein's gravitational equations, which 
necessarily require the symmetric energy-momentum ten- 
sor O**". This reveals a profound fact that the source 
of gravitational field is not the pure energy-momentum. 
5pm also plays a role in generating gravity! Then, a 
highly serious question may naturally come to the mind: 
Since T'^" and O'^" are fundamentally different, would 
Einstein's Equivalence Principle be strict? 
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Before closing the paper, we should comment on the 
gauge invariance of the canonical momentum. For a free 
electromagnetic field, the canonical momentum density 
E^VA^^ is gauge invariant, because the transverse com- 
ponent A± is not affected by gauge transformations. In 
our recent discussions of angular momentum in gauge 
theories, we showed that gauge-invariant canonical oper- 
ators can as well be constructed in an interacting system 
of QED or QCD.d ^ We record here the momentum 
expression: 




Here the "pure-gauge" covariant derivative Dp^^-e is (V — 
ieApure) in QED and (V - igl^J^^^T") in QCD. In both 

QED and QCD, Ap^re and Aphys can be consistently de- 
fined to be the pure-gauge and gauge-invariant/covariant 
components of A, respectively. P, Q Aphys can thus be 
termed the "physical" component. For QED, Apu^e and 
Aphys are just the longitudinal and transverse compo- 
nents of A. For QCD, the definitions of Apure and Aphys 
are not trivial due to non-Abelian features. Details can 
be found in Q. 

In both QED and QCD, there exists a "physical" gauge 
in which the pure-gauge term vanishes,[ll, Q then Eq. 
(fT3ll reduces to a naive expression: 

j d?x{ip'^-Vi^ + E'VA'). (14) 

For QED the "physical" gauge is just the Coulomb gauge 



V • i* = 0. For QCD it is [A'^T'' , E^T''] = 0-3 Within 
the "physical" gauge, one can use the naive canonical ex- 
pression in Eq. (|14p , which would automatically produce 
the gauge-invariant quantity defined by Eq. (|13p . 

It is worthwhile to remark that in previous studies of 
the nucleon momentum structure, the gluon momentum 
was taken as J d^xE'^ x B", which leads to a picture that 
gluons carry half of the nucleon momentum on the light- 
cone. Q From our discussions here, this picture might 
need to be revised. 

To summarize, we explained that the canonical and 
symmetric energy-momentum tensors have fundamental 
difference in their physical contents: The former gives the 
pure mechanical energy-momentum, while the latter ac- 
tually includes the spin current. It should be the canon- 
ical instead of symmetric energy-momentum tensor that 
can properly describe the energy flow in experiments. On 
the other hand, the source for gravitational field is nec- 
essarily the symmetric energy-momentum tensor, which 
involves the spin effect. We encourage experimentalists 
to perform the measurement we proposed here, so as to 
clarify the understanding of such most fundamental con- 
ceptions as energy and momentum. Wc do not doubt that 
the experimental findings would confirm our clarification 
about the distinct physical contents of the mechanical 
and symmetric energy-momentum tensors. 
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